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➤ Seja o seguinte sistema: 

➤ O que acontece quando 
fechamos a malha com 
controlador proporcional?

POLOS E ZEROS DE UM SISTEMA

        (b) Fechando malha (apenas com controle proporcional).
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zeros → x 
polos → ○

(c) Fechando a malha:

(d) Sistema equivalente 
(FTMF).

FTMF (s) =
KG(s)

1 +KG(s)
=

R(s)

C(s)
<latexit sha1_base64="rJ3NsE4xUdNWgSA4lRe+lUxcR0c="></latexit>

FTMF (s) =
K(s+ 2)

(K + 1)s+ (2K + 5)
<latexit sha1_base64="+qFF9ZEuXcm6tJdwak8SzUyJpo4="></latexit>

G(s) =
1

s(s+ 10)
<latexit sha1_base64="f15Zjc7aApWcSJY8l9r5GJ2L5sQ="></latexit>

R(s) E(s) Y(s)+

—

KK 1

s(s+ 10)
<latexit sha1_base64="t1/5KEge0/haxjTA9+icFPqyMt8="></latexit>



EX_2: SISTEMA DE 2ª-ORDEM (SOMENTE 2 POLOS)
➤ Fechando malha e variando K: R(s) E(s) Y(s)+

—

KK 1

s(s+ 10)
<latexit sha1_base64="t1/5KEge0/haxjTA9+icFPqyMt8="></latexit>

FTMF (s) =
K

s2 + 10s+K
<latexit sha1_base64="FqPOjV32Hp2hbPUf+TW43JIKqKs="></latexit>

Variando K obteremos os pólos de MF em:

Pólos de MA em s=0 e s=-10.

K Polo 1 Polo 2
0 0 �10
5 �9.47214 �0.527864
10 �8.87298 �1.12702
15 �8.16228 �1.83772
20 �7.23607 �2.76393
25 �5 �5
30 �5 + j2.23607 �5� j2.23607
35 �5 + j3.16228 �5� j3.16228
40 �5 + j3.87298 �5� j3.87298
45 �5 + j4.47214 �5� j4.47214
50 �5 + j5 �5� j5

<latexit sha1_base64="2z8Jtpc9Osfl4fgI6CBEGjJwEwE="></latexit>
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% Determinando faixa de p?los em MF, variando ganho para fig. 8.4 NISE
% Fernando Passold, em 01.04.2019
K=0:5:50;
u=length(K);
fprintf(' K & \\text{Polo 1} & \\text{Polo 2} \\\\ \n');
figure;
for i=1:u
    fprintf('%2g & ', K(i));
    EC = [1 10 K(i)]; % monta EC(s) (e mostra polin?mio)
    polo = roots(EC);
    fprintf('%g ', real(polo(1)));
    aux=num2str(K(i));
    if ~(isreal(polo(1)))
        plot(real(polo),imag(polo),'bx','LineWidth',2,'MarkerSize',12)
        text(real(polo)+.2,imag(polo),aux);
        aux=abs(imag(polo(j)));
        fprintf('+ j%g ', aux);
    else
        plot(real(polo),[0 0],'bx','LineWidth',2,'MarkerSize',12)
        text(real(polo)+.2,[0.2 0.2],aux);
    end
    fprintf(' & %g ', real(polo(2)));
    if ~(isreal(polo(1)))
        fprintf('- j%g ', aux);
    end    
    if i==1
        hold on
    end
    fprintf(' \\\\\n');
end
title('Plano-s');
xlabel('Real (\sigma)');
ylabel('Imag (j\omega)');



EX_2: SISTEMA DE 2ª-ORDEM (SOMENTE 2 POLOS)
➤ Fechando malha e variando K: R(s) E(s) Y(s)+

—

KK 1

s(s+ 10)
<latexit sha1_base64="t1/5KEge0/haxjTA9+icFPqyMt8="></latexit>

FTMF (s) =
K

s2 + 10s+K
<latexit sha1_base64="FqPOjV32Hp2hbPUf+TW43JIKqKs="></latexit>

Variando K obteremos os pólos de MF em:

Pólos de MA em s=0 e s=-10.

K Polo 1 Polo 2
0 0 �10
5 �9.47214 �0.527864
10 �8.87298 �1.12702
15 �8.16228 �1.83772
20 �7.23607 �2.76393
25 �5 �5
30 �5 + j2.23607 �5� j2.23607
35 �5 + j3.16228 �5� j3.16228
40 �5 + j3.87298 �5� j3.87298
45 �5 + j4.47214 �5� j4.47214
50 �5 + j5 �5� j5

<latexit sha1_base64="2z8Jtpc9Osfl4fgI6CBEGjJwEwE="></latexit>
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PROPRIEDADES (REGRAS) DO ROOT LOCUS (RL)

FTMF (s) =
K ·G(s)

1 +K ·G(s)H(s)
<latexit sha1_base64="QockuctOTfLkQ4qv9DGjT6TQhJg="></latexit>

K ·G(s)H(s) = �1 = 1 \[(2k + 1) · 180o], onde: k = 0,±1,±2,±3, . . .
<latexit sha1_base64="ABKT+zArM455SSH6zIWT9FjJL+I="></latexit>

��K ·G(s)H(s)
�� = 1

<latexit sha1_base64="zrdfuS9bWEZvE+wO/9fBaeIJf0Y="></latexit>

EC(z) = 1 +K ·G(s)H(s) = 0
<latexit sha1_base64="KVfTtnz1187XIYEX9cYyUu1UTKk="></latexit>

\KG(s)H(s) = (2k + 1) · 180o
<latexit sha1_base64="Ek2M/JZ788KjWkEuIZPH6ESGBfg="></latexit>

Para um ponto no plano-s pertencer ao traço do RL:

Somatório dos ângulos = 180o:

Exemplo: ponto s=-2+j3 pertence ao RL  
(para certo valor de K) !?
✓1 + ✓2 � (✓3 + ✓4) = 56, 31o + 71, 57o � 90o � 108, 43o = �70, 55o

<latexit sha1_base64="7AU8su0zDSXl2R3bKPwqRwwDSKM="></latexit>

⇒ Conclusão: Não pertence ao RL (não pode ser um pólo de MF).
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X
\(Zeros)�

X
\(Polos) = No. Ímpar · 180o

<latexit sha1_base64="2/VUCevnXl7E+TYMIr8Oz2RcZpg="></latexit>



Porque o RL é importante?
• A idéia é fechar uma malha e fazer o RL do sistema em MF passar por pontos desejados (pólos 

desejados para MF);
• Normalmente apenas fechar a malha com Controlador Proporcional não é suficiente;
• Então nosso controlador “simplesmente" acrescenta pólos e zeros de forma a deliberadamente afetar 

o RL resultante de forma que o mesmo passe sobre pontos desejados (pólos desejados de MF).
• Naturalmente que acrescentar pólos e zeros impacta no comportamento da resposta do sistema

• Acrescentar pólo na origem significa incorporar ação integral ao sistema em MF (para zerar algum erro 
de regime permanente)

• Acrescentar zero na origem significa incorpora ação derivativa, isto é, tornar o sistema mais “sensível" 
para variações do erro.

• Tirar um pólo da origem transforma uma ação integral em ação (de controle) com atraso (controlador 
Lag);

• Descolar o zero o da origem significa transformar uma ação derivativa em ação (de controle) com 
avanço (controlador Lead).

• E naturalmente que podemos “cascatear" controladores (com ações) diferentes para buscar certo 
comportamento (dinâmica) na resposta temporal e em regime permanente. Dai surgem os 
controladores Lead-lag e PID.



Respostas típicas de sistema de 1ª-ordem
• Seja:

G(s) =
K

s+ a
<latexit sha1_base64="OgzQBErXHsZHppWlhGeXhjoIo3o="></latexit>

R(s) Y(s)

Im{s}

Re{s}0x
-a

Resposta em MA:
Y (s) = R(s) ·G(s)

=
1

s
· K

(s+ a)

=
K/a

s
� K/a

(s+ a)

# L�1

y(t) =
K

a
� K

a
e�at

<latexit sha1_base64="lQPPDoWiK6yLK/x3sYOx014GHRY="></latexit>
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System: g2
Time (seconds): 0.984
Amplitude: 0.98

63%

1/a

4/a

G(s) =
4

1 + 4
<latexit sha1_base64="zlMpquWicz+7+LUtGdwrhV1bKOw="></latexit>

tr =
2, 2

a
=

2, 2

4
= 0, 55 ) tempo de subida: K/a · [0, 1 ⇠ 0, 9]

<latexit sha1_base64="e4WguqTLSOduT8Zl1t9u2K4bEm4="></latexit>

ts =
4

a
=

4

4
= 1 ) tempo de assentamento: K/a · 0, 98

<latexit sha1_base64="5PvfHrlcG9I6RKLsHEfr2gkzr0w="></latexit>

⌧ =
1

a
<latexit sha1_base64="1Cet0BQgw0TkjqUyGVq7P6diusE="></latexit>

ts =
4

a
<latexit sha1_base64="+fZyKMsaiMPnFg3jr+BvUI2ESvk="></latexit>



Respostas típicas de sistema de 1ª-ordem
• Seja:

G(s) =
K

s+ a
<latexit sha1_base64="OgzQBErXHsZHppWlhGeXhjoIo3o="></latexit>

R(s) Y(s)

Im{s}

Re{s}0x
-a

Y (s) = R(s) ·G(s)

=
1

s
· K

(s+ a)

=
K/a

s
� K/a

(s+ a)

# L�1

y(t) =
K

a
� K

a
e�at

<latexit sha1_base64="lQPPDoWiK6yLK/x3sYOx014GHRY="></latexit>
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>> g1=tf(2,[1 2]); 
>> step(g1) 
>> g2=tf(4,[1 4]); 
>> g3=tf(10,[1 10]); 
>> step(g3) 
>> step(g1, g2, g3) 
>> axis([0 3 0 1]) 
>> grid

Conclusão:
- quanto mais afastado o pólo 
estiver da origem do plano-s 
⇒ mais rápida a resposta!

g1(s) =
2

s+ 2
; g2(s) =

4

s+ 4
; g3(s) =

10

s+ 10
;

<latexit sha1_base64="+Ts7IyFMiDVg6R0jNqyCKOgdwMc=">AAAHAnicjVTLbtNQEJ0UCKW8WliysaiQWlFFfiRpogqpqAixQSrQtJWaKrKdG8eKE7u201Is79jzH+wQWz6BH2DNAomv4NyxnaSiDdiy73g8c2bmzNxrBZ4bxar6o7Rw7fqN8s3FW0u379y9d3955cF+5I9DW7Rs3/PDQ8uMhOeORCt2Y08cBqEwh5YnDqzBjvx/cCrCyPVHe/F5II6HpjNye65txlB1lr87HW0tWn/W7oWmne </latexit>

Resposta em MA:



Respostas típicas de sistemas de 2ª-ordem
‣ Equações do sistema (MF):

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

FTMF (s) =
Y (s)

R(s)
=

!2
n

s2 + 2⇣!ns+ !2
n

=
b

s2 + as+ b
<latexit sha1_base64="MLsgUI+xLGtucUbvXn1pdsHJmWw=">AAAGmXicjVRbT9RAFD6grog30EdeGokJBLJpV8DlwQSCIcSEBIEFDAtk2p3dbbY3O10Qmv0N/i5/gs8+mPjiq775zensssSw2qad06/n+p0z4yaBrzLb/jo2fufuvdL9iQeTDx89fvJ0avrZgYq7qSdrXhzE6ZErlAz8SNYyPwvkUZJKEbqBPHQ7G/r/4blMlR9H+9llIk9C0Yr8pu+JDNDZlLe5v705p+bf1Jup8PIPEHv5rn </latexit>

Y (s)

R(s)
=

K

(s+ p1)(s+ p2)
= K

✓
!2
n

s2 + 2⇣!ns+ !2
n

◆

<latexit sha1_base64="7uxcsrwoeCVciRJeFFspzQjVyTw=">AAAG/nicjVTNbtNAEJ4UCKX8tXDksqJCStQqsgO0yQGpqAghIaRSmraoTiPb2ThW7NjYTktrReINeAtuiCuPwCtw5oDEU/Dt2E5TpIbasnc8nvlm5pvZtULPjRNN+1mau3L1Wvn6/I2Fm7du37m7uHRvNw5GkS1bduAF0b5lxtJzh7KVuIkn98NImr7lyT1rsKn+7x3JKHaD4U5yEsq2bzpDt+faZgJVZ/GH0YtMO31fiavjdF </latexit>

pólos em: s = � ± j!d
<latexit sha1_base64="8UtEijaiiUA/AspJdGSwv8bVJao=">AAAGiHicjVTNbtNAEJ4WCKX8tXDkYlEhUamK7BbaBAmpUIS4IBVo2kpNVa3tTWLi2MbrtJSoz8Dr8CpcuHAAceUF+Ga8blqkBhzFO56d+Wbmm9n1szgyhet+nZq+dPlK7erMtdnrN27euj03f2fbpMM80K0gjdN811dGx1GiW0VUxHo3y7Ua+LHe8fsbvL9zqHMTpclWcZzp/YHqJlEnClQBVTq3SG0qSNNHvEeU0W+KKSVDDn </latexit>

ou: s = �⇣!n ± j!n

p
1� ⇣2

<latexit sha1_base64="qKobjd3EoYGiNtFTho+ccUlv3jE="></latexit>
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Tp =
⇡

wn

p
1� ⇣2

Ts =
4

⇣ wn

%OS = exp�(⇣⇡/
p

1� ⇣2)⇥ 100

Tr =
0, 6 + 2, 16⇣

wn

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

� = !n cos (↵) = !n⇣;

!d = !n sin (↵) = !n

p
1� ⇣2;

⇣ = cos (↵);

sin (↵) =
p

1� ⇣2;
<latexit sha1_base64="AiFl/HLp3KFLrSqtxkKaxQgbPwY="></latexit>

0 < ⇣ < 1
<latexit sha1_base64="Z/EZCa3UT0fOpymw+v49GSTWWwA="></latexit>

0 < ⇣ < 1
<latexit sha1_base64="Z/EZCa3UT0fOpymw+v49GSTWWwA="></latexit>



Respostas típicas de sistemas de 2ª-ordem
‣ Tipos de respostas:b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>
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s2 + 9s+ 9
<latexit sha1_base64="NVfwRmtQP1rk7u5TRMRECLHj0Gw="></latexit>

9

s2 + 2s+ 9
<latexit sha1_base64="x+70kU9cUBaPwp3Al8SwRP+Rp4s="></latexit>

9

s2 + 6s+ 9
<latexit sha1_base64="4XAYSfoyxpW9XfSslRtadExQdgw="></latexit>

9

s2 + 9
<latexit sha1_base64="T6jwUhVg2wF2nKunAgRng5eUiak="></latexit>

y(t) = 1� e�t
⇣
cos

p
8 t+

p
8
8 sin

p
8 t

⌘

= 1� 1, 06e�t cos (
p
8 t� 19, 47o)

<latexit sha1_base64="DbO5TFjP/USrGfAcopHtGCfnKpc="></latexit>

y(t) = 1 + 0, 171e�7,854t � 1, 171e�1,146t
<latexit sha1_base64="f7dMRKBIS+5t3i5yTQ/CXROPQko="></latexit>

y(t) = 1� cos 3 t
<latexit sha1_base64="FFncQvkSL0pEDRisZJ+xMo+aIGE="></latexit>

y(t) = 1� 3te�3t � e�3t
<latexit sha1_base64="Aw22qYL1frGizlzobr3LjZFMf0M="></latexit>�3

<latexit sha1_base64="xwwb8n2F4Exozynd3cm1LfhQBtw="></latexit>

j3
<latexit sha1_base64="TRhuZ0ewUYvAb/ANnQwXmUos/6k="></latexit>

�j3
<latexit sha1_base64="0a01yCExuu7wXfElClZK96ANnMk="></latexit>

�1<latexit sha1_base64="RF3v/Bka4QzzJiJclpDh3HGtqfk="></latexit>

j
p
8

<latexit sha1_base64="lgSuk4Jbw8NpESOG/V9QS7X4vng="></latexit>

�j
p
8

<latexit sha1_base64="SZPReKaFhXxXnx9MKMoh8NOemUY="></latexit>

�1, 146
<latexit sha1_base64="BS/SPCKG+VHkMZd/b877bTRGbnc="></latexit>

�7, 854
<latexit sha1_base64="BQoRDsCutpgRJ67AMUqMt1puEjc="></latexit>

‣ Subamortecido:

y(t) = 1� exp(�⇣!nt) ·
"
cos (!dt) +

⇣p
1� ⇣2

sin (!dt)

#

<latexit sha1_base64="wOBc+zIBcfUrFFJwyhx9L9XWafo="></latexit>

‣ Criticamente amortecido:

‣ Super amortecido:

0 < ⇣ < 1
<latexit sha1_base64="CCdl+RV6r0Tlz+CUJ090BDb+mVI="></latexit>

⇣ > 1
<latexit sha1_base64="O4CqkILbv3QgH9qtgI8hr9/b6t8="></latexit>

‣ Oscilatório: ⇣ = 0
<latexit sha1_base64="vMQXueyX4WGny+Xtz8kfGJfk/gM="></latexit>

⇣ = 1
<latexit sha1_base64="ojQ7gqUQJ14rJ8SNdJXx1gYdNHo="></latexit>

>> pole(g1)

   -7.8541

   -1.1459

>> pole(g2)

 -1.0000 + 2.8284i

  -1.0000 - 2.8284i

>> pole(g3)

   0.0000 + 3.0000i

   0.0000 - 3.0000i

>> pole(g4)

  -3.0000 + 0.0000i

  -3.0000 - 0.0000i

Y (s)

R(s)
=

!2
n

s2 + 2⇣!ns+ !2
n

=
b

s2 + as+ b
<latexit sha1_base64="WY4I7I42RnOFVMox5uUtiJwXii0="></latexit>

pólos em: s = � ± j!d
<latexit sha1_base64="8UtEijaiiUA/AspJdGSwv8bVJao="> JL8Xkk1XYvN8vbPMpmJxcQ7MXV8yTWUay14r4YUzqWKd1Tm2tsHETjEXWvBzQT86xcosR454KpmeNtahsJ7LaelBHnty333p1Ai8c5cunt8RzmTH9mDMFOMcAjmUiXbkVFZWo4mnwRerT/CNhR1fcqm4KX8coycdKs/ND/ou86OlF5lUVQC/i/+viawN8WVO81bCeCK+Y9RE3q/pGW1gfUgt2qKXtDgBleezjxoq3LfQfoBtOdNnT3Eo1R7JGelK3xmxkNng+4znOxMOx9Eq9BhryVaO6RuddrQ8nwqzXXJh7Ikpp5vjLEmtVbeN7UcutWtoAkEZyAyGQG5ba4U4Rk6KlpuvJxPiUZ3W6DGdyI3adL3mKt+ofwvVjbq9XPdW6stvHi2sN+zdOkP36D6Y9YCzTq8wPy2gf6Fv6MHP2mzNra3VmqXp9JT1uUvnntrzP1LtRss=</latexit>

8
><

>:

� = !n⇣;

!d = !n

p
1� ⇣2;

<latexit sha1_base64="52eN057Ersc8SlmZfe88gJuMolg="></latexit>



⇣ = cos (↵)
<latexit sha1_base64="C7BEIFKc0JeT/EDpDuX1h8pEoPc="></latexit>

Linhas guias no plano-s

%OS = exp
⇣
�⇣⇡/

p
1� ⇣2

⌘
⇥ 100

<latexit sha1_base64="owtLlxjCQdqmqyRWX6VlWzS9X40="></latexit>

tp =
⇡

!n

p
1� ⇣2

=
⇡

!d
<latexit sha1_base64="umytUvUiJffuWj4K7545COe0rKQ="></latexit>

ts =
4

⇣!n
=

4

�
para: 0 < ⇣ < 0, 9

<latexit sha1_base64="Rumc3fjOzphoBz4I2MyT/nnaLcc="></latexit>

ts =
�ln

⇣
0, 02

p
1� ⇣2

⌘

⇣!n
<latexit sha1_base64="neY41ZDG1cysEeO6TiuLIdegNzE="></latexit>

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

%OS2 > %OS1
<latexit sha1_base64="Cye2hZnjx4ZHW9KQYewhJSqR4i4="></latexit>

ts2 < ts1
<latexit sha1_base64="0rsvR76isPOky7tJ0kls1CGWDiM="></latexit>

Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

%OS1
<latexit sha1_base64="ME7Mwpujmh2gMqaMsuxto9UHTIw="></latexit>

%OS2
<latexit sha1_base64="cZPvd6MyWhu8tMm3Qd3uto+KGxw="></latexit>

ts1
<latexit sha1_base64="Wix1Z0BfY6DBN0W520pt0koJvXk="></latexit>

ts2
<latexit sha1_base64="U6OZRX+xIlzv/cLnG6A596qllcs="></latexit>

tp1
<latexit sha1_base64="0UX+ar2Rn6TlTy8eCKQoi3uTj1c="></latexit>

tp2
<latexit sha1_base64="I1MhST8y/gRiA9vAQ2Os0xLCtgA="></latexit>

tp2 < tp1
<latexit sha1_base64="XAJCZ8kueVodMuSQGYlkJRN5XEA="></latexit>



Respostas sistemas de 2ª-ordem subamortecidos
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g1(s) = 13
(s2+4s+13) =

13
(s+2+j3)(s+2�j3)

= (3,6056)2

s2+2(0,5547)(3,6056)s+(3,6056)2
<latexit sha1_base64="d6JML7u7JzeilyoQqqwDDbr5JG4="></latexit>

g2(s) = 9
(s2+2s+9) =

13
(s+2+j5)(s+2�j5)

= (5,3852)2

s2+2(0,3714)(5,3852)s+(5,3852)2
<latexit sha1_base64="dS4F7VMxeZqKAIgh55oiu/nwc+w="></latexit>

g3(s) = 85
(s2+4s+85) =

85
(s+2+j9)(s+2�j9)

= (9.2195)2

s2+2(0,2169)(9.2195)s+(9.2195)2
<latexit sha1_base64="CRNfnKGYECMfNCAwHKyqCD2Xai4="></latexit>

A envoltória é causada pela parte real dos pólos!
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Mesma parte real!


