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Respostas transitórias 
Sistema de 1ª-ordem

 

𝐶(𝑠) = 𝑅(𝑠)𝐺(𝑠)

𝐶(𝑠) = 1
𝑠 ⋅ 𝐾

(𝑠 + 𝑎)

𝐶(𝑠) = 𝐾 /𝑎
𝑠 − 𝐾 /𝑎
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𝑒−at
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!Tr =
2.31

𝑎
−

0.11

𝑎
=

2.2
𝑎

!Ts =
4
𝑎

Resposta em malha fechada:

! Tempo de subida:  
     K/a*[0.1 ~ 0.9]

! Tempo de assentamento:  
     K/a*0.98

Constante de tempo "  𝜏 =
1
𝑎
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 𝑐(𝑡) =
𝐾
𝑎

−
𝐾
𝑎

𝑒−at
   𝐾
𝑠 + 𝑎R(s) C(s)

-a

Im{s}

Re{s}

Resposta em malha fechada:

Tempo de assentamento "   
(= K/a*0,98)

ts =
4
a

= 4 τ

Constante de tempo "  𝜏 =
1
𝑎

Comparando 3 sistemas de pólos simples reais:

!G3(s) =
1

s + 1

!G1(s) =
14

s + 14

!G2(s) =
7

s + 7
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!G3(s) =
1

s + 1

!G1(s) =
14

s + 14

!G2(s) =
7

s + 7
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Respostas transitórias 
Sistema de 1ª-ordem

Matlab: 
>> G1=tf(14,[1 14]) 

G1 = 
  
    14 
  ------ 
  s + 14 
  
Continuous-time transfer function. 

>> G2=tf(7, [1 7]); 
>> G3=tf(1, [1 1]); 
>> figure; subplot(121); pzmap(G1,G2,G3); 
>> subplot(122); step(G1,G2,G3); 
>> axis([0 5 0 1])
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1

(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)
 R(s) C(s)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

 𝐶(𝑠) =
1

𝑠(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)

Respostas transitórias 
Sistema com pólos reais

>> num=1; 
>> den=poly([0 -2 -4 
-10]); 
>> 
[r,p,k]=residue(num,den) 
r = 
   -0.0021 
    0.0208 
   -0.0313 
    0.0125 
p = 
  -10.0000 
   -4.0000 
   -2.0000 
         0 
k = 
     [] 
>>

  ! Degrau (unitário)𝑅(𝑠) =
1
𝑠
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1

(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)
 R(s) C(s)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

Respostas transitórias 
Sistema com pólos reais

>> num=1; 
>> den=poly([0 -2 -4 
-10]); 
>> 
[r,p,k]=residue(num,den) 
r = 
   -0.0021 
    0.0208 
   -0.0313 
    0.0125 
p = 
  -10.0000 
   -4.0000 
   -2.0000 
         0 
k = 
     [] 
>>

[r,p,k] = residue(b,a) finds the residues, poles, and direct term of a 
Partial Fraction Expansion of the ratio of two polynomials, where the expansion is 
of the form: 

!
b(s)
a(s)

=
bmsm + bm−1sm−1 + … + b1s + b0

ansn + an−1sn−1 + … + a1s + a0
=

rn

s − pn
+ … +

r2

s − p2
+

r1

s − p1
+ k(s) .

 𝐶(𝑠) =
1

𝑠(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)

  ! Degrau (unitário)𝑅(𝑠) =
1
𝑠

https://la.mathworks.com/help/matlab/ref/residue.html#bupndeb-2
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Respostas transitórias 
Sistema com pólos reais

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

 𝑐(𝑡) = 𝐾1 + 𝐾2𝑒−2𝑡 + 𝐾3𝑒−4𝑡 + 𝐾4𝑒−10𝑡

Matlab:
 𝑐(𝑡) =

1
80

−
1
32

𝑒−2𝑡 +
1
48

𝑒−4𝑡 −
1

480
𝑒−10𝑡

 𝑐(∞) = lim
𝑠→0

𝑠 ⋅ 𝐶(𝑠)

 
𝑐(∞) = 1 ⋅ 𝑠

𝑠(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)

𝑐(∞) = 1
80 = 0,0125

>> num=1; 
>> den=poly([-2 -4 -10]); 
>> c=tf(num,den); 
>> zpk(c) 
Zero/pole/gain: 
        1 
------------------ 
(s+10) (s+4) (s+2) 
  
>> dcgain(c) 
ans =    0.0125 
>>

Valor final 
(Teorema valor final ! ):ℒ

  
1

(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)
 R(s) C(s)
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Respostas transitórias 
Sistema com pólos reais

Matlab: outra forma para c(∞):

 𝑐(∞) = lim
𝑠→0

𝑠 ⋅ 𝐶(𝑠)

 
𝑐(∞) = 1 ⋅ 𝑠

𝑠(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)

𝑐(∞) = 1
80 = 0,0125

>> den=sym('(s+2)*(s+4)*(s+10)') 
den = 
(s+2)*(s+4)*(s+10) 
  
>> subs(den,0) 
ans = 
    80 

>>
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1

(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)
 R(s) C(s)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

 𝑐(𝑡) = 𝐾1 + 𝐾2𝑒−2𝑡 + 𝐾3𝑒−4𝑡 + 𝐾4𝑒−10𝑡

 𝑐(𝑡) =
1
80

−
1
32

𝑒−2𝑡 +
1
48

𝑒−4𝑡 −
1

480
𝑒−10𝑡

Valor final 
(Teorema valor final ! ):ℒ
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Respostas transitórias 
Sistema com pólos reais

Matlab: verificando impacto de cada polo:
>> fplot(@(t)[(1/80)-(1/32)*exp(-2*t)],[0 3]) 
>> hold on 
>> fplot(@(t)[(1/80)+(1/48)*exp(-4*t)],[0 3]) 
>> hold on 
>> fplot(@(t)[(1/80)-(1/480)*exp(-10*t)],[0 3]) 
>> legend('s= -2','s= -4','s= -10')

  
1

(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)
 R(s) C(s)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+
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(𝑠 + 10)

 𝑐(𝑡) = 𝐾1 + 𝐾2𝑒−2𝑡 + 𝐾3𝑒−4𝑡 + 𝐾4𝑒−10𝑡

 𝑐(𝑡) =
1
80

−
1
32

𝑒−2𝑡 +
1
48

𝑒−4𝑡 −
1

480
𝑒−10𝑡
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Respostas transitórias 
Sistema com pólos reais

Avaliando as respostas de cada pólo individualmente:

   1
(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)

 R(s) C(s)

>> figure; fplot(@(t)[(1-exp(-2*t))],[0 3]) 
>> legend('s = -2') 
>> figure; fplot(@(t)[(1-exp(-4*t))],[0 3]) 
>> legend('s = -4') 
>> figure; fplot(@(t)[(1-exp(-10*t))],[0 3]) 
>> legend('s = -10') 
>> figure; pzmap(c)
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Respostas transitórias 
Sistema com pólos reais

Matlab:
>> figure(3); pzmap(c)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

 𝑐(𝑡) = 𝐾1 + 𝐾2𝑒−2𝑡 + 𝐾3𝑒−4𝑡 + 𝐾4𝑒−10𝑡

 𝑐(𝑡) =
1
80

−
1
32

𝑒−2𝑡 +
1
48

𝑒−4𝑡 −
1

480
𝑒−10𝑡
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Respostas transitórias 
Sistema com pólos reais

Matlab:
>> figure(3); pzmap(c)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

 𝑐(𝑡) = 𝐾1 + 𝐾2𝑒−2𝑡 + 𝐾3𝑒−4𝑡 + 𝐾4𝑒−10𝑡

 𝑐(𝑡) =
1
80

−
1
32

𝑒−2𝑡 +
1
48

𝑒−4𝑡 −
1

480
𝑒−10𝑡
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Respostas transitórias 
Sistema com pólos reais

Matlab:
>> figure(3); pzmap(c)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

 𝑐(𝑡) = 𝐾1 + 𝐾2𝑒−2𝑡 + 𝐾3𝑒−4𝑡 + 𝐾4𝑒−10𝑡

 𝑐(𝑡) =
1
80

−
1
32

𝑒−2𝑡 +
1
48

𝑒−4𝑡 −
1

480
𝑒−10𝑡
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 R(s) C(s)

-12 -10 -8 -6 -4 -2 0
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
Pole-Zero Map

Real Axis (seconds-1)

Im
ag

in
ar

y 
A

xi
s 

(s
ec

on
ds

-1
)

0 0.5 1 1.5 2 2.5 3

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

0.025

0.03 s= -2
s= -4
s= -10



Prof. Fernando PassoldControle Automático I
�14

Respostas transitórias 
Sistema com pólos reais

Matlab:
>> figure(3); pzmap(c)

Resposta em malha aberta:

 𝐶(𝑠) =
𝐾1

𝑠
+

𝐾2

(𝑠 + 2)
+

𝐾3

(𝑠 + 4)
+

𝐾4

(𝑠 + 10)

 𝑐(𝑡) = 𝐾1 + 𝐾2𝑒−2𝑡 + 𝐾3𝑒−4𝑡 + 𝐾4𝑒−10𝑡

 𝑐(𝑡) =
1
80

−
1
32

𝑒−2𝑡 +
1
48

𝑒−4𝑡 −
1

480
𝑒−10𝑡

   1
(𝑠 + 2)(𝑠 + 4)(𝑠 + 10)

 R(s) C(s)
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Respostas de 
Sistemas de 2ª ordem
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Desenho do RL e encontrando 
pontos chaves

 𝐺(𝑠) =
𝐾(𝑠2 − 4𝑠 + 20)

(𝑠 + 2)(𝑠 + 4)

 𝜁 = 0.45  𝜃 = 180𝑜 − 𝑎𝑟𝑐𝑐𝑜𝑠(0.45) = 116.7𝑜

Exemplo:

>> num=[1 -4 20]; 
>> den=conv([1 2],[1 4]); 
>> g=tf(num,den) 
Transfer function: 
s^2 - 4 s + 20 
-------------- 
s^2 + 6 s + 8 
  
>> zpk(g) 
Zero/pole/gain: 
(s^2 - 4s + 20) 
--------------- 
  (s+4) (s+2) 
  
>> roots(num) 
ans = 
   2.0000 + 4.0000i 
   2.0000 - 4.0000i 

>> rlocus(g) 
>>

Questões: 

• Cruzamento com eixo !  
 
  

• Ponto de quebra 
 
  

• Faixa de K (ganho): 

jω
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Respostas transitórias 
Sistemas de 2a-ordem:

3 casos: 
1) Raízes reais: 

a) Distintas; 
b) Iguais; 

2) Raízes complexas: 
a) Distante de ! ; 
b) Sobre ! .

jω
jω

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

FTMF (s) =
Y (s)

R(s)
=

!2
n

s2 + 2⇣!ns+ !2
n

=
b

s2 + as+ b
<latexit sha1_base64="MLsgUI+xLGtucUbvXn1pdsHJmWw="></latexit>

pólos em: s = � ± j!d
<latexit sha1_base64="8UtEijaiiUA/AspJdGSwv8bVJao="></latexit>

ou: s = �⇣!n ± j!n

p
1� ⇣2

<latexit sha1_base64="qKobjd3EoYGiNtFTho+ccUlv3jE="></latexit>

� = !n cos (↵) = !n⇣;

!d = !n sin (↵) = !n

p
1� ⇣2;

⇣ = cos (↵);

sin (↵) =
p

1� ⇣2;
<latexit sha1_base64="AiFl/HLp3KFLrSqtxkKaxQgbPwY="></latexit>

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

0 < ⇣ < 1
<latexit sha1_base64="Z/EZCa3UT0fOpymw+v49GSTWWwA="></latexit>

Y (s)

R(s)
=

K

(s+ p1)(s+ p2)
= K

✓
!2
n

s2 + 2⇣!ns+ !2
n

◆

<latexit sha1_base64="7uxcsrwoeCVciRJeFFspzQjVyTw="></latexit>
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 𝐺1𝑎(𝑠) =
9

𝑠2 + 9𝑠 + 9
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b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

3 casos: 
1) Raízes reais: 

a) Distintas; 
b) Iguais 

2) Raízes complexas: 
a) Distante de ! ; 
b) Sobre ! .

jω
jω

2 pólos reais em !  e !−p1 −p2

Overdamped response ➟

Sistema superamortecido ➟ 
( ! )ζ > 1

y(t) = 1 + 0,1708e−7,8541t − 1,1708e−1,1459t

y(t) = 1 + 0,1708e−7,8541t − 1,1708e−1,1459t

Sistema superamortecido ➟ ( ! )ζ > 1

Respostas transitórias 
Sistemas de 2a-ordem:
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 𝐺1𝑎(𝑠) =
9

𝑠2 + 9𝑠 + 9
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b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

3 casos: 
1) Raízes reais: 

a) Distintas; 
b) Iguais 

2) Raízes complexas: 
a) Distante de ! ; 
b) Próximo de !  
c) Sobre !

jω
jω

jω

2 pólos reais em !  e !−p1 −p2

Overdamped response ➟

Sistema superamortecido ➟ 
( ! )ζ > 1

y(t) = 1 + 0,1708e−7,8541t − 1,1708e−1,1459t

y(t) = 1 + 0,1708e−7,8541t − 1,1708e−1,1459t

Matlab: 
>> num=9; 
>> den=conv([1 0],[1 9 
9]); 
>> 
[r,p,k]=residue(num,den) 
r = 
    0.1708 
   -1.1708 
    1.0000 
p = 
   -7.8541 
   -1.1459 
         0 
k = 
     [] 
>> ftmf=tf( 9, [1 9 9]); 
>> pzmap(ftmf) 
>> step(ftmf)

Sistema superamortecido ➟ ( ! )ζ > 1

Respostas transitórias 
Sistemas de 2a-ordem:
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 𝐺(𝑠) =
9

𝑠2 + 6𝑠 + 9
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 y(𝑡) = 1 − 3te−3𝑡 − 𝑒−3𝑡

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

3 casos: 
1) Raízes reais: 

a) Distintas; 
b) Iguais 

2) Raízes complexas: 
a) Distante de ! ; 
b) Sobre ! .

jω
jω

2 pólos reais em !  e !−p1 −p2

ζ =
6
6

= 1

p1,2 = − 3

Critically damped ➟

Amortecimento crítico ➟ 
( ! )ζ = 1

y(t) = K0 + K1e−at + K2te−at

y(𝑡) = 1 − 3te−3𝑡 − 𝑒−3𝑡

Amortecimento crítico ➟ ( ! )ζ = 1

Respostas transitórias 
Sistemas de 2a-ordem:
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 𝐺(𝑠) =
9

𝑠2 + 6𝑠 + 9
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System: g
Time (sec): 1.95
Amplitude: 0.98

 y(𝑡) = 1 − 3te−3𝑡 − 𝑒−3𝑡

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

3 casos: 
1) Raízes reais: 

a) Distintas; 
b) Iguais 

2) Raízes complexas: 
a) Distante de ! ; 
b) Próximo de !  
c) Sobre !

jω
jω

jω

2 pólos reais em !  e !−p1 −p2

ζ =
6
6

= 1

p1,2 = − 3

Critically damped ➟

Amortecimento crítico ➟ 
( ! )ζ = 1

y(t) = K0 + K1e−at + K2te−at

y(𝑡) = 1 − 3te−3𝑡 − 𝑒−3𝑡

Matlab: 
>> num=9; 
>> den=conv([1 0],[1 6 
9]); 
>> 
[r,p,k]=residue(num,den) 
r = 
    -1 
    -3 
     1 
p = 
    -3 
    -3 
     0 
k = 
     [] 
>> ftmf=tf( 9, [1 6 9]); 
>> pzmap(ftmf) 
>> step(ftmf)

Amortecimento crítico ➟ ( ! )ζ = 1

Respostas transitórias 
Sistemas de 2a-ordem:
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 𝐺(𝑠) =
9

𝑠2 + 2𝑠 + 9

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

2 pólos complexos em !  e !−p1 −p2

3 casos: 
1) Raízes reais: 

a) Distintas; 
b) Iguais 

2) Raízes complexas: 
a) Distante de ! ; 
b) Sobre ! .

jω
jω

underdamped response ➟

Sistema subamortecido ➟ 
( ! )0 < ζ < 1
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Respostas transitórias 
Sistemas de 2a-ordem:
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b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

2 pólos complexos em ! :±jωn

3 casos: 
1) Raízes reais: 

a) Distintas; 
b) Iguais 

2) Raízes complexas: 
a) Distante de ! ; 
b) Sobre ! .

jω
jω

undamped response ➟

Sistema oscilatório ➟ 
( ! )ζ = 0

G(s) =
9

s2 + 9
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Respostas transitórias 
Sistemas de 2a-ordem:
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9

s2 + 9s+ 9
<latexit sha1_base64="NVfwRmtQP1rk7u5TRMRECLHj0Gw="></latexit>

9

s2 + 2s+ 9
<latexit sha1_base64="x+70kU9cUBaPwp3Al8SwRP+Rp4s="></latexit>

9

s2 + 6s+ 9
<latexit sha1_base64="4XAYSfoyxpW9XfSslRtadExQdgw="></latexit>

9

s2 + 9
<latexit sha1_base64="T6jwUhVg2wF2nKunAgRng5eUiak="></latexit>

‣ Subamortecido:  0 < ζ < 1

y(t) = 1� exp(�⇣!nt) ·
"
cos (!dt) +

⇣p
1� ⇣2

sin (!dt)

#

<latexit sha1_base64="wOBc+zIBcfUrFFJwyhx9L9XWafo="></latexit>

‣ Criticamente amortecido:  ζ = 1

‣ Super amortecido:  ζ > 1

‣ Oscilatório:  ζ = 0

>> pole(g1)

   -7.8541

   -1.1459

>> pole(g2)

 -1.0000 + 2.8284i

  -1.0000 - 2.8284i

>> pole(g3)

   0.0000 + 3.0000i

   0.0000 - 3.0000i

>> pole(g4)

  -3.0000 + 0.0000i

  -3.0000 - 0.0000i

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

Y(s)R(s) =
1
s

FTMF(s)

pólos em: s = � ± j!d
<latexit sha1_base64="8UtEijaiiUA/AspJdGSwv8bVJao="></latexit>

8
><

>:

� = !n⇣;

!d = !n

p
1� ⇣2;

<latexit sha1_base64="52eN057Ersc8SlmZfe88gJuMolg="></latexit>

Y (s)

R(s)
=

!2
n

s2 + 2⇣!ns+ !2
n

=
b

s2 + as+ b
<latexit sha1_base64="WY4I7I42RnOFVMox5uUtiJwXii0="></latexit>

Respostas transitórias 
Sistemas de 2a-ordem:
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Respostas transitórias 
Sistemas de 2a-ordem — Resumo:
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9

s2 + 9s+ 9
<latexit sha1_base64="NVfwRmtQP1rk7u5TRMRECLHj0Gw="></latexit>

9

s2 + 2s+ 9
<latexit sha1_base64="x+70kU9cUBaPwp3Al8SwRP+Rp4s="></latexit>

9

s2 + 6s+ 9
<latexit sha1_base64="4XAYSfoyxpW9XfSslRtadExQdgw="></latexit>

9

s2 + 9
<latexit sha1_base64="T6jwUhVg2wF2nKunAgRng5eUiak="></latexit>

‣ Subamortecido:  0 < ζ < 1

y(t) = 1� exp(�⇣!nt) ·
"
cos (!dt) +

⇣p
1� ⇣2

sin (!dt)

#

<latexit sha1_base64="wOBc+zIBcfUrFFJwyhx9L9XWafo="></latexit>

‣ Criticamente amortecido:  ζ = 1

‣ Super amortecido:  ζ > 1

‣ Oscilatório:  ζ = 0

>> pole(g1)

   -7.8541

   -1.1459

>> pole(g2)

 -1.0000 + 2.8284i

  -1.0000 - 2.8284i

>> pole(g3)

   0.0000 + 3.0000i

   0.0000 - 3.0000i

>> pole(g4)

  -3.0000 + 0.0000i

  -3.0000 - 0.0000i

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

Y(s)R(s) =
1
s

FTMF(s)

pólos em: s = � ± j!d
<latexit sha1_base64="8UtEijaiiUA/AspJdGSwv8bVJao="></latexit>

8
><

>:

� = !n⇣;

!d = !n

p
1� ⇣2;

<latexit sha1_base64="52eN057Ersc8SlmZfe88gJuMolg="></latexit>

Y (s)

R(s)
=

!2
n

s2 + 2⇣!ns+ !2
n

=
b

s2 + as+ b
<latexit sha1_base64="WY4I7I42RnOFVMox5uUtiJwXii0="></latexit>
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Sistemas de 2ª ordem — Detalhes

                         !  

• Frequência natural de oscilação, ! : freqüência de oscilação do 
sistema sem amortecimento ➠ polos puramente imaginários: ! , 
polos sobre !  em: !  ; !  ; ! . 

• Coeficiente de amortecimento, ! :  os polos complexos contêm parte 
real, !  igual a ! . A magnitude deste coeficiente modula o 
decaimento exponencial: 

                                      !  

FTMF(s) =
b

s2 + as + b
=

ω2
n

s2 + 2ζωn + ω2
n

ωn
a = 0

jω ±j b ωn = b b = ω2
n

ζ
σ −a /2

ζ =
|σ |
ωn

=
a /2
ωn

; a = 2ζωn

�26
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Sistemas de 2ª ordem — Detalhes

�27

FTMF(s) =
b

s2 + as + b
=

ω2
n

s2 + 2ζωn + ω2
n
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Sistema subamortecido
• Resposta ao degrau: 

• Assumindo: !  (sistema subamortecido):0 < ζ < 1

�28
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Respostas de Sistemas de 2ª ordem…

�29

Parâmetros temporais: 
1. Tempo de subida, ! ; 
2. Tempo de pico, ! ; 
3. Máximo sobressinal, ! , 
!  (overshoot); 

4. Tempo de acomodação, ! , 
(settling time); 

5. Tempo de atraso, ! .

tr
tp

Mp
% OS

ts

td
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Parâmetros temporais: 
1. Tempo de subida, ! ; 
2. Tempo de pico, ! ; 
3. Máximo sobressinal, ! , 
!  (overshoot); 

4. Tempo de acomodação, ! , 
(settling time); 

5. Tempo de atraso, ! .

tr
tp

Mp
% OS

ts

td

Tempo de atraso,  : tempo requerido para que a 
resposta alcance metade de seu valor final pela 
primeira vez. 

td

Respostas de Sistemas de 2ª ordem…
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Respostas de Sistemas de 2ª ordem…
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Parâmetros temporais: 
1. Tempo de subida, ! ; 
2. Tempo de pico, ! ; 
3. Máximo sobressinal, ! , 
!  (overshoot); 

4. Tempo de acomodação, ! , 
(settling time); 

5. Tempo de atraso, ! .

tr
tp

Mp
% OS

ts

td

Tempo de subida,   (rise time): é o tempo requerido 
para que a resposta passe de 10 a 90%, ou de 5% a 
95%, ou de 0% a 100% do valor final. Para sistemas 
de segunda ordem subamortecidos, o tempo de 
subida de 0% a 100% é o normalmente utilizado. Para 
os sistemas superamortecidos, o tempo de subida de 
10% a 90% é o mais comumente utilizado.

tr
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Respostas de Sistemas de 2ª ordem…
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Parâmetros temporais: 
1. Tempo de subida, ! ; 
2. Tempo de pico, ! ; 
3. Máximo sobressinal, ! , 
!  (overshoot); 

4. Tempo de acomodação, ! , 
(settling time); 

5. Tempo de atraso, ! .

tr
tp

Mp
% OS

ts

td

Tempo de acomodação,   (settling time): é o tempo 
necessário para que a curva de resposta alcance 
valores em uma faixa (geralmente de 2% ou 5%) em 
torno do valor final, aí permanecendo 
indefinidamente. O tempo de acomodação está 
relacionado à maior constante de tempo do sistema 
de controle.

ts
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Respostas de Sistemas de 2ª ordem…

�33

Parâmetros temporais: 
1. Tempo de subida, ! ; 
2. Tempo de pico, ! ; 
3. Máximo sobressinal, ! , 
!  (overshoot); 

4. Tempo de acomodação, ! , 
(settling time); 

5. Tempo de atraso, ! .

tr
tp

Mp
% OS

ts

td

  ou   = sobressinal, calculado como:

 

Mp % OS

% OS =
c(tp) − c(∞)

c(∞)
× 100 %
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Respostas de Sistemas de 2ª ordem…

�34

Parâmetros temporais: 
1. Tempo de subida, ! ; 
2. Tempo de pico, ! ; 
3. Máximo sobressinal, ! , 
!  (overshoot); 

4. Tempo de acomodação, ! , 
(settling time); 

5. Tempo de atraso, ! .

tr
tp

Mp
% OS

ts

td

Matlab: 
>> G=tf(9, [1 2 9]); 
>> zpk(G) 
  
        9 
  -------------- 
  (s^2 + 2s + 9) 
  
Continuous-time zero/pole/gain model. 

>> step(G)

>> stepinfo(G) 
ans =  
  struct with fields: 

        RiseTime: 0.4568 
    SettlingTime: 3.7005 
     SettlingMin: 0.8916 
     SettlingMax: 1.3293 
       Overshoot: 32.9277 
      Undershoot: 0 
            Peak: 1.3293 
        PeakTime: 1.1052 
>> 

(Botão direito do mouse)
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Respostas de Sistemas de 2ª ordem…

�35

Parâmetros temporais: 
1. Tempo de subida, ! ; 
2. Tempo de pico, ! ; 
3. Máximo sobressinal, ! , 
!  (overshoot); 

4. Tempo de acomodação, ! , 
(settling time); 

5. Tempo de atraso, ! .

tr
tp

Mp
% OS

ts

td

Matlab: 
>> G=tf(9, [1 2 9]); 
>> zpk(G) 
  
        9 
  -------------- 
  (s^2 + 2s + 9) 
  
Continuous-time zero/pole/gain model. 

>> step(C)

>> stepinfo(C) 
ans =  
  struct with fields: 

        RiseTime: 0.4568 
    SettlingTime: 3.7005 
     SettlingMin: 0.8916 
     SettlingMax: 1.3293 
       Overshoot: 32.9277 
      Undershoot: 0 
            Peak: 1.3293 
        PeakTime: 1.1052 
>> 

(Botão direito do mouse)
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System: G
Peak amplitude: 1.33
Overshoot (%): 32.9
At time (seconds): 1.11

System: G
Settling time (seconds): 3.7

System: G
Rise time (seconds): 0.457

System: G
Final value: 1
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Tempo de pico, !  (peak time): se obtêm 

resolvendo ! : 

tp
∂y
∂t

= 0

(Botão direito do mouse)
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System: G
Peak amplitude: 1.33
Overshoot (%): 32.9
At time (seconds): 1.11

System: G
Settling time (seconds): 3.7

System: G
Rise time (seconds): 0.457

System: G
Final value: 1

! : primeiro ponto da curva de resposta (inclinação zero); 
! : primeiro pico, equivale a !
n = 0
n = 1 t = tp :

!tp =
π

ωn 1 − ζ2
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Percentual de overshoot (sobressinal), ! : % OS

(Botão direito do mouse)
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System: G
Peak amplitude: 1.33
Overshoot (%): 32.9
At time (seconds): 1.11

System: G
Settling time (seconds): 3.7

System: G
Rise time (seconds): 0.457

System: G
Final value: 1 ! ; uso da equação anterior sobre:cmax = c(tp)

 !  % OS = exp ( −ζπ

1 − ζ2 ) × 100 %  !  ζ =
−ln(%OS/100)

π2 + ln2(%OS/100)
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Tempo de assentamento (settling time), !  
( ! de tolerância): 

ts
±2 %

(Botão direito do mouse)
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System: G
Peak amplitude: 1.33
Overshoot (%): 32.9
At time (seconds): 1.11

System: G
Settling time (seconds): 3.7

System: G
Rise time (seconds): 0.457

System: G
Final value: 1

A partir de:

 !  ts =
−ln (0,02 1 − ζ2)

ζωn

 !  ts =
4

ζωn

Isolamos:

Sabe-se ainda que em ! :t = tp

(4.40)

Resolvendo (4.40) para ! :t = tp

O numerador desta eq. varia entre 
3,91 à 4,74 enquanto ! , 
então uma aproximação seria:

0 < ζ < 1 ➠
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Equações do sistema em MF:

b

s2 + as+ b
<latexit sha1_base64="eWDw4T/wsbUdEt5bA0IDC6DSgK8="></latexit>

R(s) =
1

s
<latexit sha1_base64="e24vQP04B+6kqeJ7nMPzdTPuj/A="></latexit>

Y (s)
<latexit sha1_base64="TqdZB9gN8SDDQ94LRiWqbNG904M="></latexit>

FTMF (s)
<latexit sha1_base64="Mey2GVDu9XsQHSj57a3hSOm5KtU="></latexit>

FTMF (s) =
Y (s)

R(s)
=

!2
n

s2 + 2⇣!ns+ !2
n

=
b

s2 + as+ b
<latexit sha1_base64="MLsgUI+xLGtucUbvXn1pdsHJmWw="></latexit>

Y (s)

R(s)
=

K

(s+ p1)(s+ p2)
= K

✓
!2
n

s2 + 2⇣!ns+ !2
n

◆

<latexit sha1_base64="7uxcsrwoeCVciRJeFFspzQjVyTw="></latexit>

pólos em: s = � ± j!d
<latexit sha1_base64="8UtEijaiiUA/AspJdGSwv8bVJao=">AAAGiHicjVTNbtNAEJ4WCKX8tXDkYlEhUamK7BbaBAmpUIS4IBVo2kpNVa3tTWLi2MbrtJSoz8Dr8CpcuHAAceUF+Ga8blqkBhzFO56d+Wbmm9n1szgyhet+nZq+dPlK7erMtdnrN27euj03f2fbpMM80K0gjdN811dGx1GiW0VUxHo3y7Ua+LHe8fsbvL9zqHMTpclWcZzp/YHqJlEnClQBVTq3SG0qSNNHvEeU0W+KKSV </latexit>

ou: s = �⇣!n ± j!n

p
1� ⇣2

<latexit sha1_base64="qKobjd3EoYGiNtFTho+ccUlv3jE="></latexit>

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

� = !n cos (↵) = !n⇣;

!d = !n sin (↵) = !n

p
1� ⇣2;

⇣ = cos (↵);

sin (↵) =
p

1� ⇣2;
<latexit sha1_base64="AiFl/HLp3KFLrSqtxkKaxQgbPwY="></latexit>

0 < ⇣ < 1
<latexit sha1_base64="Z/EZCa3UT0fOpymw+v49GSTWWwA="></latexit>
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Tp =
⇡

wn

p
1� ⇣2

Ts =
4

⇣ wn

%OS = exp�(⇣⇡/
p

1� ⇣2)⇥ 100

Tr =
0, 6 + 2, 16⇣

wn
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Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

%OS1
<latexit sha1_base64="ME7Mwpujmh2gMqaMsuxto9UHTIw="></latexit>

%OS2
<latexit sha1_base64="cZPvd6MyWhu8tMm3Qd3uto+KGxw="></latexit>

ts1
<latexit sha1_base64="Wix1Z0BfY6DBN0W520pt0koJvXk="></latexit>

ts2
<latexit sha1_base64="U6OZRX+xIlzv/cLnG6A596qllcs="></latexit>

tp1
<latexit sha1_base64="0UX+ar2Rn6TlTy8eCKQoi3uTj1c="></latexit>

tp2
<latexit sha1_base64="I1MhST8y/gRiA9vAQ2Os0xLCtgA="></latexit>

%OS2 > %OS1
<latexit sha1_base64="Cye2hZnjx4ZHW9KQYewhJSqR4i4="></latexit>

ts2 < ts1
<latexit sha1_base64="0rsvR76isPOky7tJ0kls1CGWDiM="></latexit>

tp2 < tp1
<latexit sha1_base64="XAJCZ8kueVodMuSQGYlkJRN5XEA="></latexit>

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

%OS = exp
⇣
�⇣⇡/

p
1� ⇣2

⌘
⇥ 100

<latexit sha1_base64="owtLlxjCQdqmqyRWX6VlWzS9X40="></latexit>

!  
⇩ 

Mesmas linhas radiais: 
= mesmo !

ζ = cos(θ)

ζ

Mesmo ! :ζ
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Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

%OS1
<latexit sha1_base64="ME7Mwpujmh2gMqaMsuxto9UHTIw="></latexit>

%OS2
<latexit sha1_base64="cZPvd6MyWhu8tMm3Qd3uto+KGxw="></latexit>

ts1
<latexit sha1_base64="Wix1Z0BfY6DBN0W520pt0koJvXk="></latexit>

ts2
<latexit sha1_base64="U6OZRX+xIlzv/cLnG6A596qllcs="></latexit>

tp1
<latexit sha1_base64="0UX+ar2Rn6TlTy8eCKQoi3uTj1c="></latexit>

tp2
<latexit sha1_base64="I1MhST8y/gRiA9vAQ2Os0xLCtgA="></latexit>

%OS2 > %OS1
<latexit sha1_base64="Cye2hZnjx4ZHW9KQYewhJSqR4i4="></latexit>

ts2 < ts1
<latexit sha1_base64="0rsvR76isPOky7tJ0kls1CGWDiM="></latexit>

tp2 < tp1
<latexit sha1_base64="XAJCZ8kueVodMuSQGYlkJRN5XEA="></latexit>

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

!  
⇩ 

Inversamente proporcional à 
parte imaginária do pólo.

tp

tp =
⇡

!n

p
1� ⇣2

=
⇡

!d
<latexit sha1_base64="umytUvUiJffuWj4K7545COe0rKQ="></latexit>

Mesma parte real (!  ):= σ
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Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

%OS1
<latexit sha1_base64="ME7Mwpujmh2gMqaMsuxto9UHTIw="></latexit>

%OS2
<latexit sha1_base64="cZPvd6MyWhu8tMm3Qd3uto+KGxw="></latexit>

ts1
<latexit sha1_base64="Wix1Z0BfY6DBN0W520pt0koJvXk="></latexit>

ts2
<latexit sha1_base64="U6OZRX+xIlzv/cLnG6A596qllcs="></latexit>

tp1
<latexit sha1_base64="0UX+ar2Rn6TlTy8eCKQoi3uTj1c="></latexit>

tp2
<latexit sha1_base64="I1MhST8y/gRiA9vAQ2Os0xLCtgA="></latexit>

%OS2 > %OS1
<latexit sha1_base64="Cye2hZnjx4ZHW9KQYewhJSqR4i4="></latexit>

ts2 < ts1
<latexit sha1_base64="0rsvR76isPOky7tJ0kls1CGWDiM="></latexit>

tp2 < tp1
<latexit sha1_base64="XAJCZ8kueVodMuSQGYlkJRN5XEA="></latexit>

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

!  
⇩ 

Inversamente 
proporcional à parte real 

do pólo

ts

!ts =
4

ζ ωn
=

4
σ

Mesma parte imaginária (!  )= ωd
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A envoltória é causada 
pela parte real dos pólos!
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y 
Ax
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 (s
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ds
-1

)

g1(s) = 13
(s2+4s+13) =

13
(s+2+j3)(s+2�j3)

= (3,6056)2

s2+2(0,5547)(3,6056)s+(3,6056)2
<latexit sha1_base64="d6JML7u7JzeilyoQqqwDDbr5JG4="></latexit>

g2(s) = 9
(s2+2s+9) =

13
(s+2+j5)(s+2�j5)

= (5,3852)2

s2+2(0,3714)(5,3852)s+(5,3852)2
<latexit sha1_base64="dS4F7VMxeZqKAIgh55oiu/nwc+w="></latexit>

g3(s) = 85
(s2+4s+85) =

85
(s+2+j9)(s+2�j9)

= (9.2195)2

s2+2(0,2169)(9.2195)s+(9.2195)2
<latexit sha1_base64="CRNfnKGYECMfNCAwHKyqCD2Xai4="></latexit>

Mesma parte real

g1(s)

g1(s)

g2(s)

g2(s)

g3(s)

g3(s)
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⇣ = cos (↵)
<latexit sha1_base64="C7BEIFKc0JeT/EDpDuX1h8pEoPc="></latexit>

%OS = exp
⇣
�⇣⇡/

p
1� ⇣2

⌘
⇥ 100

<latexit sha1_base64="owtLlxjCQdqmqyRWX6VlWzS9X40="></latexit>

tp =
⇡

!n

p
1� ⇣2

=
⇡

!d
<latexit sha1_base64="umytUvUiJffuWj4K7545COe0rKQ="></latexit>

ts =
4

⇣!n
=

4

�
para: 0 < ⇣ < 0, 9

<latexit sha1_base64="Rumc3fjOzphoBz4I2MyT/nnaLcc="></latexit>

ts =
�ln

⇣
0, 02

p
1� ⇣2

⌘

⇣!n
<latexit sha1_base64="neY41ZDG1cysEeO6TiuLIdegNzE="></latexit>

!n

!d

�!d

↵

�� + j!d

�� � j!d

�� Re(s)
<latexit sha1_base64="5xHKlf/LiMZERqSfBoPJQqwCgOQ="></latexit>

Im(s)
<latexit sha1_base64="xw58aVcq5pS68etxkbXprLejgYc="></latexit>

0
<latexit sha1_base64="8+f9voqDab+OAxrBMtuoJBNklO0="></latexit>

tr =
0,6 + 2,16 ζ

ωn

Mesma parte real (!  ):= σ

Mesma parte imaginária (!  )= ωd

Mesmo ! :ζ

FTMF (s) =
Y (s)

R(s)
=

!2
n

s2 + 2⇣!ns+ !2
n

=
b

s2 + as+ b
<latexit sha1_base64="MLsgUI+xLGtucUbvXn1pdsHJmWw="></latexit>

y(t) = 1� exp(�⇣!nt) ·
"
cos (!dt) +

⇣p
1� ⇣2

sin (!dt)

#

<latexit sha1_base64="wOBc+zIBcfUrFFJwyhx9L9XWafo="></latexit>

pólos em: s = � ± j!d
<latexit sha1_base64="8UtEijaiiUA/AspJdGSwv8bVJao="></latexit>

ou: s = �⇣!n ± j!n

p
1� ⇣2

<latexit sha1_base64="qKobjd3EoYGiNtFTho+ccUlv3jE="></latexit>

!ζ =
−ln ( % OS/100 )

π2 + ln2 ( % OS/100 )


